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For quantum matter, eigenstate entanglement entropies obey an area law or log-area law at low
energies and small subsystem sizes and cross over to volume laws for high energies and large subsys-
tems. The crossover can be described by scaling functions. We demonstrate this for the harmonic
lattice model which describes quantized lattice vibrations and is a regularization for free scalar field
theories, describing, e.g., spin-0 bosonic particles. In one dimension, the groundstate entanglement
obeys a log-area law. For dimensions d ≥ 2, it displays area laws, even at criticality, because exci-
tation energies vanish only at a single point in momentum space. We sample excited states. The
distribution of their entanglement entropies are sharply peaked around subsystem entropies of cor-
responding thermodynamic ensembles in accordance with the eigenstate thermalization hypothesis.
In this way, we determine entanglement scaling functions which correspond to the quantum critical
regime of the model. We show how infrared singularities of the system can be handled and how to
access the thermodynamic limit using a perturbative trick for the covariance matrix. Eigenstates
for quasi-free bosonic systems are not Gaussian. We resolve this problem by considering appropriate
squeezed states instead. For these, entanglement entropies can be evaluated efficiently.
I. INTRODUCTION
Consider a bipartite system in a pure state |ψ〉 ∈ HA⊗
HB. Then, quantum non-locality can be quantified by
the von Neumann entanglement entropy
S = −Tr %ˆA ln %ˆA, (1)
where %ˆA = TrB |ψ〉〈ψ| is the reduced density matrix of
subsystem A [1–4]. Specifically, we assume compact sub-
systems A with linear size `, i.e., volume `d where d is
the number of spatial dimensions. For typical condensed
matter systems, the groundstate entanglement entropy
obeys an area law, S ∼ `d−1 [5–12], or a log-area law,
S ∼ `d−1 log ` [13–16]. According to quantum typical-
ity [17–19], generic states should however obey a volume
law, i.e., have an extensive entanglement entropy S ∼ `d.
As discussed in our recent contribution [20], entangle-
ment entropies of energy eigenstates, in particular, cross
over from the groundstate scaling at low energies and
small subsystem sizes to an extensive scaling at high en-
ergies and large subsystem sizes. Previous work consid-
ered states with few-particle excitations, i.e., vanishing
excitation-energy density, and found that, up to sublead-
ing corrections, they still obey (log-)area laws [21–26].
The same scaling was found for special classes of (rare)
highly excited states [21, 27] which can usually be inter-
preted as ground states of other local Hamiltonians. Ex-
tensive entanglement entropies have been demonstrated
for broad classes of highly excited states in Refs. [27–30].
Extensive scaling of the average eigenstate entanglement
was shown for quasi-free fermionic systems and chaotic
Hamiltonians [31–35].
In the recent contribution [20], we pointed out that the
crossover from groundstate scaling to volume laws can be
deduced using the eigenstate thermalization (hypothesis)
(ETH). In fact, it is described by scaling functions; those
for the quantum critical regions are universal [36]. We
exemplified this point for critical as well as gapped one-
FIG. 1. Mechanical analog of the harmonic lattice
model. Oscillators of eigenfrequency ω on a d-dimensional
lattice are coupled by springs of strength κ. The Hamiltonian
has d uncoupled terms Hˆ = Hˆx + Hˆy . . . , each corresponding
to the harmonic lattice model in Eq. (2).
dimensional (1d) systems and also for critical fermionic
systems in d ≥ 2 dimensions [20].
In this paper, we consider the harmonic lattice model
Hˆ =
1
2
∑
r
(pˆ2r + ω
2xˆ2r) +
1
2
κ
∑
〈r,r′〉
(xˆr − xˆr′)2 (2)
with [xˆr, pˆr′ ] = iδr,r′ , and determine scaling functions for
the eigenstate entanglement crossover from the ground-
state scaling to volume laws. The model describes, e.g.,
quantized lattice vibrations in solids (phonons) which fol-
low Bose-Einstein statistics. The continuum limit is the
free scalar (Klein-Gordon) quantum field theory
Hˆ =
1
2
∫
ddr
[
pˆi2 + ω2φˆ2 + κ
(
∂rφˆ
)2]
(3)
with [φˆ(r), pˆi(r′)] = iδ(r − r′). In particle physics with
d = 3 and κ = 1, it is used to describe spin-0 bosons of
mass ω. In the gapped regime ω > 0, the groundstate en-
tanglement entropy obeys the area law. At the quantum
critical point ω = 0, the system has gapless excitations
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2and the groundstate entanglement entropy follows the log
law Sgs ∼ c3 ln ` for d = 1 [5, 7, 37, 38], but still follows
an area law Sgs ∼ α `d−1 for d > 1 [5, 15, 37, 39]. See
Refs. [40–42] for reviews on entanglement scaling.
The ETH [43–51] implies that local expectation values
of all (strong ETH) or at least the majority of all (weak
ETH) energy eigenstates are indistinguishable from ex-
pectation values of corresponding microcanonical ensem-
bles with the same energy. Deviations vanish in the
thermodynamic limit. In contrast to strong ETH, weak
ETH allows for an exponentially small number of untyp-
ical eigenstates [52]. While strong ETH is difficult to
establish in a general way, weak ETH [46, 53, 54] ap-
plies very generally and can be understood rather eas-
ily; see Ref. [20]. We show and use that, due to the
ETH, the entanglement entropies of excited states can
be deduced from subsystem entropies of corresponding
thermodynamic ensembles [20]. Exploiting the equiv-
alence of thermodynamic ensembles for large systems
[55–58], we employ the grand-canonical ensemble (GCE)
%ˆ = exp(−βHˆ)/Z to deduce entanglement entropies in
excited states with energy E(β) = 〈Hˆ〉β and phonon
number N(β) = 〈Nˆ〉β . For simplicity, we keep the chemi-
cal potential at µ = 0. Entanglement entropies of typical
eigenstates are very close to GCE subsystem entropies.
Hence, they are extensive for large subsystems,
S(`, E)
typical≈ SGCE(`, β) `ξ−−−→ `d sth(β), (4)
where sth(β) denotes the thermodynamic entropy den-
sity, and ξ is the thermal correlation length. More specif-
ically, S crosses over from the groundstate scaling at
small ` to extensive scaling at large `. The crossover
length increases with decreasing energy (β−1). That the
groundstate scaling is recovered at small ` is due to a
momentum-space resolution problem which can be easily
understood for non-interacting translation-invariant sys-
tems [20]: Limiting measurements to a small subsystem
corresponds to coarse-graining in momentum space, due
to which states with finite energy density become indis-
tinguishable from the ground state.
The paper is organized as follows. In Sec. II, the har-
monic lattice model is diagonalized and we give the co-
variance matrices that characterize thermal equilibrium
states. Sec. III shows how entanglement entropies and
finite-temperature subsystem entropies can be computed
from covariance matrices. The critical 1d and 2d har-
monic lattice models feature ultraviolet and, more im-
portantly, infrared singularities. We discuss in Sec. IV
how these can be regularized, and how we can access the
thermodynamic limit, while retaining scale invariance.
Finally, scaling functions for the eigenstate entanglement
crossovers are determined numerically in Sec. V. Eigen-
states for quasi-free bosonic systems are not Gaussian,
and hence it is usually computationally expensive to as-
sess their entanglement entropies. We resolve this prob-
lem by considering appropriate squeezed states instead.
They are discussed in Sec. VI and used in Sec. VII to
assert the applicability of the ETH for the considered
systems. We conclude in Sec. VIII, commenting also on
the universality of the obtained scaling functions.
II. DIAGONALIZATION OF THE HARMONIC
LATTICE MODEL
The position and momentum operators in the har-
monic lattice model (2) obey the canonical commutation
relations
[xˆr, pˆr′ ] = iδr,r′ , [xˆr, xˆr′ ] = 0, [pˆr, pˆr′ ] = 0.
The translation invariance can be utilized to transform
to a system of uncoupled harmonic oscillators
Hˆ =
1
2
∑
k
(pˆ†kpˆk + εkxˆ
†
kxˆk), (5)
where εk is specified below and
xˆk =
1√
N
∑
r
e−ik·rxˆr = xˆ
†
−k, (6a)
pˆk =
1√
N
∑
r
e−ik·rpˆr = pˆ
†
−k (6b)
such that
[xˆ†k, pˆk′ ] = iδk,k′ , [xˆ
†
k, xˆk′ ] = 0, [pˆ
†
k, pˆk′ ] = 0. (7)
The final step of the diagonalization is to define bosonic
ladder operators
bˆk =
1√
2
(
ε
1/2
k xˆk + iε
−1/2
k pˆk
)
(8)
such that
Hˆ =
∑
k
εk
(
bˆ†kbˆk + 1/2
)
. (9)
For a d-dimensional system with lattice basis vectors
ai, the phonon dispersion relation is
εk =
√√√√ω2 + 4κ d∑
i=1
sin2
(
k · ai
2
)
. (10)
For clarity, we will assume a square lattice on a d-
dimensional torus in the following, i.e., [ai]j = δi,j and
ki = 0,
2pi
Li
, . . . , (Li − 1) 2piLi , i = 1, . . . , d, where {Li} are
the torus circumferences. The total number of sites is
hence N =
∏d
i=1 Li. In the low-energy regime, relative
displacements of neighbors are small and one can take
the continuum limit of the model, yielding the free scalar
(Klein-Gordon) quantum field theory (3).
The energy gap of the system vanishes for ω → 0, clos-
ing at k = 0. For numerical computations, one can avoid
problems with the zero-momentum mode, by switching
3to antiperiodic boundary conditions, implying a shift of
the momenta ki by
pi
Li
. Antiperiodic boundary conditions
correspond to a coupling like (xˆ1+xˆL)
2 across the bound-
ary. For ω = 0, this keeps the oscillators from flying off
xr → ±∞ and imposes a finite-size gap ∝ 1/L. Further
issues with infrared singularities of the model occurring
in 1d and 2d are discussed in Sec. IV.
The fact that the model is quadratic in xˆr and pˆr im-
plies that equilibrium states %ˆ = 1Z e
−βHˆ are Gaussian
states and, according to Wick’s theorem [59], all observ-
ables can hence be computed from the the single-particle
Green’s functions. In particular, we will employ the co-
variance matrices
Gxr,r′ := 〈xˆrxˆr′〉β =
1
N
∑
k,k′
e−ik·reik
′·r′〈xˆ†kxˆk′〉β
=
1
2N
∑
k
cos(k ·∆r) 1
εk
coth
(
βεk
2
)
, (11a)
Gpr,r′ := 〈pˆrpˆr′〉β =
1
N
∑
k,k′
e−ik·reik
′·r′〈pˆ†kpˆk′〉β
=
1
2N
∑
k
cos(k ·∆r) εk coth
(
βεk
2
)
, (11b)
Gxpr,r′ := 〈xˆrpˆr′〉β =
i
2
δr,r′ . (11c)
These are functions of ∆r = r − r′ only, due to the
translation invariance.
III. SUBSYSTEM DENSITY MATRICES AND
ENTROPIES
Let %ˆA = TrB %ˆ denote the reduced density matrix for
subsystem A, when the total system is in a Gaussian
state %ˆ. As pointed out in Sec. II, the Gaussian states
%ˆ with vanishing first moments 〈xˆr〉 and 〈pˆr〉 are fully
characterized by the covariance matrices Gxr,r′ = 〈xˆrxˆr′〉,
Gpr,r′ = 〈pˆrpˆr′〉, and Gxpr,r′ = 〈xˆrpˆr′〉. Expectation val-
ues of arbitrary observables can be computed from G
through Wick’s theorem [59]. It follows further, that %ˆA
is a Gaussian state, characterized by the subsystem co-
variance matrices
gx := Gx|A, gp := Gp|A, gxp := Gxp|A, (12)
i.e., the restriction of the covariance matrices to sites r, r′
in subsystem A. For a subsystem with NA sites, these
are NA ×NA matrices.
Let us now employ a canonical transformation T for
the position and momentum operators in the subsystem
to diagonalize g in the sense that[
gx gxp − i2
(gxp − i2 )† gp
]
= T>
[
ν
ν
]
T, T ∈ Sp(NA),
For a canonical transformation, T has to be a symplec-
tic matrix. The diagonal matrix ν contains the sym-
plectic eigenvalues νk ≥ 1/2. Such a transformation al-
ways exists according to the Williamson theorem [60, 61].
For cases where gxp = i21, as for the equilibrium states
%ˆ = 1Z e
−βHˆ in Sec. II, the diagonalization can be simpli-
fied:
M :=
√
gp gx
√
gp
diag
= O>ν2O, T = Tx ⊕ Tp (13)
with Tx = ν
1
2 O (gp)−
1
2 and Tp = ν
− 12 O (gp)
1
2 .
The transformation T yields new position and momen-
tum operators and corresponding bosonic ladder opera-
tors b˜†k, b˜k that create and destroy particles in A such
that
〈b˜†k b˜k′〉 = δk,k′ (νk − 1/2) and 〈b˜k b˜k′〉 = 0. (14)
As a Gaussian state with vanishing first moments, %ˆA is
the exponential of a quadratic form in the ladder oper-
ators. Due to Eq. (14), the subsystem density matrix
hence takes the form
%ˆA =
∏
k
%ˆk with %ˆk =
1
νk + 1/2
(
νk − 1/2
νk + 1/2
)b˜†k b˜k
.
Finally, we obtain the subsystem entropy in terms of the
symplectic eigenvalues
SA = −Tr %ˆA ln %ˆA = −
∑
k
Tr %ˆk ln %ˆk =
∑
k
h(νk),
h(ν) =
(
ν + 12
)
ln
(
ν + 12
)− (ν − 12) ln (ν − 12) . (15)
For pure states %ˆ, this is the von Neumann entanglement
entropy.
IV. SINGULARITIES, REGULARIZATION,
AND THERMODYNAMIC LIMIT
In the following, we will only concern ourselves with
the the harmonic lattice model Eq. (2) at the critical
point ω = 0. Also, we can set κ = 1 without loss of
generality, as it can be eliminated through a canonical
transformation xˆr 7→ κ−1/4 xˆr, pˆr 7→ κ1/4 pˆr, and Hˆ 7→
Hˆ/
√
κ. The low-energy field theory (3) is then rotation-
and scale-invariant.
The study of the (critical) harmonic lattice model
is complicated by ultraviolet and infrared singularities.
Here, we discuss how these can be handled, and how we
can access the thermodynamic limit, while retaining scale
invariance.
In the thermodynamic limit Li → ∞, the covariance
matrices (11) take the form
Gx∆r =
1
2(2pi)d
∫
ddk cos(k ·∆r) 1εk coth
(
βεk
2
)
, (16a)
Gp∆r =
1
2(2pi)d
∫
ddk cos(k ·∆r) εk coth
(
βεk
2
)
. (16b)
In the continuum limit (3), the dispersion εk = |k|
is linear for arbitrarily large momenta. The result-
ing divergent ultraviolet behavior is most pronounced in
4Gp∆r=0 ∼
∫
dk kd. This singularity can be resolved by
imposing an ultraviolet cutoff kmax, or by studying the
model on a lattice. As described in Sec. II, we follow
the second approach and the integrals (16) run over the
Brillouin zone [−pi, pi)d.
While the thermodynamic limit for Gp is well-defined,
Gx has an infrared singularity for 1d systems at nonzero
temperatures, 1d systems in the ground state, and for
2d systems at nonzero temperatures. The d dependence
is due to different density of states; for small energies it
is g(ε) ∝ εd−1 (see the appendix). As far as we know,
the infrared singularities have not really been discussed
in the literature so far; for 1d groundstates they have of
course been noticed [5, 37, 62]. At small momenta, the
integrand in (16a) is ∼ 2/(βk2) for nonzero temperatures
and it is ∼ 1/k for the ground state. The singularities
can be regularized by introducing an infrared cutoff k0
or, equivalently, choosing a finite linear system size L
(k0 = 2pi/L). As we want to derive scaling functions
for subsystem entropies at nonzero temperature, we also
want the low-energy/long-distance features of the regu-
larized Gx to be scale invariant. This can be achieved
by choosing a temperature-dependent momentum cutoff
proportional to temperature
k0 = q0/β, q0 = const.
or, equivalently, finite system sizes L ∝ β. For low ener-
gies, where εk ≈ |k|, we then have indeed
Gx∆r →
β1−d
2(2pi)d
∫
|q|>q0
ddq cos
(
q ·∆r
β
)
1
|q| coth (|q|/2) ,
i.e., βd−1Gx becomes a function of ∆r/β only instead of
∆r and β.
We can split Gx∆r into a non-singular part G
x(ns)
∆r and
a singular part Gx(s) which, importantly, is independent
of ∆r. At nonzero temperatures, the singular part is
Gx(s) =
1
piq0
for 1d, (17a)
Gx(s) =
1
2piβ
ln
(
1
q0
)
for 2d. (17b)
Let us deduce the corresponding non-singular and sin-
gular contributions to subsystem entropies. For the
NA × NA subsystem covariance matrices from Sec. III,
we have
gx =
1
λ
vv> + gx(ns) with
1
λ
:= Gx(s), (18)
where gx(ns) is the restriction of Gx(ns) to the subsystem
A and v := (1, 1, . . . , 1)>. The leading (singular) term
is due to the fact that Gx(s) is independent of ∆r, i.e.,
it enters gx as the prefactor of the matrix of ones vv>.
With this, the left-hand side of Eq. (13) becomes
M =
√
gp gx
√
gp =
w
λ
v˜v˜> +M (ns), (19)
where M (ns) :=
√
gp gx(ns)
√
gp, w := v>gpv, and v˜ :=√
gp v/
√
w such that ‖v˜‖ = 1.
In the thermodynamic limit λ→ 0 (⇔ q0 → 0), we can
obtain the covariance-matrix eigenvalues νk in Eq. (13)
(the eigenvalues of M are ν2k) through perturbation the-
ory in λ. The unperturbed problem has the eigenvalue
w/λ for eigenvector v˜ and eigenvalue zero in the orthog-
onal complement of v˜. So, degenerate first-order pertur-
bation theory gives the spectrum
ν2s =
w
λ
+ v˜>M (ns)v˜, (20a)
{ν2ns} = spect(PM (ns)P ), (20b)
where, P = 1 − v˜v˜> projects onto the orthogonal com-
plement of v˜.
For the evaluation of entropies according to Eq. (15),
the second term in the singular eigenvalue ν2s is actually
irrelevant: For ys =
1
λ′ + y +O(λ′), we have
ys ln ys =
(
1
λ′
+ y
)
ln
1
λ′
+ y +O(λ′)
and h(ys) = ln
1
λ′ + 1 + O(λ′) is hence y-independent.
For the subsystem entropy (15), we finally arrive at the
result
SA = S
(ns)
A +
1
2
ln
w
λ
+ 1, (21)
where S
(ns)
A is the contribution from the nonsingular
eigenvalues νns in Eq. (20b).
Eq. (21), allows us to extract the entropies for the ther-
modynamic limit from finite-size computations and to
control infrared singularities in 1d and 2d. In particular,
we can choose any sufficiently large linear system size L
and compute gx and gp according to Eq. (11). The ma-
trix gp converges very quickly with L. From this we get
converged w and v˜ as specified below Eq. (19). Then,
we evaluate PM (ns)P = P
√
gp gx(ns)
√
gpP , which also
converges quickly with L, and obtain {νns} from it. This
gives all terms for Eq. (21) besides λ. The singular term
1/λ ≡ Gx(s) as given by Eq. (17) depends on the infrared
cutoff k0 = q0/β but not on the subsystem size.
V. ENTANGLEMENT CROSSOVERS
In this section, we determine the scaling functions for
the entanglement crossover using finite-temperature sub-
system entropies for %ˆ = 1Z e
−βHˆ with ω = 0 and κ = 1
as before. As discussed in the introduction, the coinci-
dence of finite-temperature subsystem entropies and the
energy-eigenstate entanglement entropies is due to the
ETH. The validity of the ETH for the considered sys-
tems is substantiated numerically in Sec. VII.
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FIG. 2. Crossover scaling function for 1d. The regularized subsystem entropies (22), computed for the critical 1d model
with various temperatures and subsystem sizes, follow the logarithmic groundstate scaling before crossing over to an extensive
regime (left). After subtraction of the subleading term (24c), the data collapses onto a scaling function when plotted as a
function of `/β (right). The total system size was chosen to be L ≈ 4× 106. In this case, the scaling function can be obtained
from 1+1d CFT [Eq. (24b)]. In the extensive regime, it is in accordance with the thermodynamic entropy density (25).
A. d = 1
For the critical 1d harmonic lattice model, the singular
term (17a) in the subsystem entropy is λ = piq0. Based
on Eq. (21), we can hence define the regularized 1d sub-
system entropy
Sr(`, β) = S
(ns)(`, β) +
1
2
lnw(`, β) + 1, (22)
where we removed the q0 term.
Figure 2 shows the regularized subsystem entropies
after subtraction of a subleading `-independent term
C1d(β) that we discuss below. For several temperatures
it is plotted as a function of `/β. The data collapses onto
a single curve – the scaling function that describes the
crossover of subsystem entanglement entropies from the
log-area law (S ∼ ln `) in the ground state to the volume
law (S ∼ `) for excited energy eigenstates. The data
collapse is due to the scale invariance in this quantum
critical regime [36] of the model. The dispersion is linear
at low momenta which dominate the long-range physics
with group velocity v = 1. There is just a single energy
scale, set by the temperature β−1. Hence, Sr − C1d is
not a function of ` and β but only of `/β,
Sr(`, β)− C1d(β) = Φ1d(`/β). (23)
In fact, Poincare´ and scale invariance in the continuum
limit (3) imply that the long-range physics is described by
(d+1)-dimensional conformal field theory (CFT) [63–65].
For d = 1, the conformal invariance is very restrictive
and the CFT subsystem entropies can be computed using
the replica trick and analytic continuation [7, 66]. One
obtains
Scft =
c
3
ln
[
βv
pia
sinh
(
pi`
βv
)]
+ c′ (24a)
with the central charge being c = 1 in our case, with an
ultraviolet cutoff 1/a as set by the lattice spacing, and a
nonuniversal constant c′. The universal scaling function
Φ1d is simply the leading term in
Scft =
c
3
ln
[
2 sinh
(
pi
v
`
β
)]
+O(`0) (24b)
which is indeed a function of `/β only. And we can read
off the subleading term
C1d(β) =
c
3
ln
(
βv
2pia
)
+ c′ (24c)
which was taken into account for Fig. 2.
For small subsystem size ` or temperature β−1,
Eq. (24a) recovers the log law c3 ln(`/a) of the ground-
state entanglement entropy. This can be attributed to
a limited momentum-space resolution when probing on
small subsystems [20]. The crossover to extensive scaling
S ∼ ` occurs at ` ∼ βv/pi. The corresponding entropy
density can be deduced by evaluation of the thermody-
namic entropy Sth. In appendix A, we show this compu-
tation and the 1d result
sth =
Sth
L
=
1
β
pi
3
(25)
indeed coincides with the large-`/β limit of Eq. (24b).
B. d = 2
For the critical 2d harmonic lattice model, the sin-
gular term (17b) in the subsystem entropy is λ =
2piβ/ ln(1/q0). Based on Eq. (21), we can hence define
the regularized 2d subsystem entropy
Sr(`, β) = S
(ns)(`, β)+
1
2
lnw(`, β)+1− 1
2
ln(2piβ), (26)
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FIG. 3. Crossover scaling function for 2d. This figure shows regularized subsystem entropies (26) for the critical 2d
model, computed for various temperatures and subsystems of size ` × ` (left). When plotted as a function of `/β, the data
collapses onto a scaling function (right). The total system had size L× L with L = 16384. In the extensive large-`/β regime,
the subsystem entropy is in accordance with the thermodynamic entropy density (28).
where we removed the q0 term.
Figure 3, shows regularized subsystem entropies as a
function of `/β after subtraction of a subleading area law
term α`, where we extracted α ≈ 0.4464 from the ground-
state entanglement entropy. Subsystems were chosen as
` × ` squares. As in the 1d case, data for various `
and β collapses onto a scaling function that describes
the crossover of subsystem entanglement entropies from
the area law (S ∼ `) in the ground state to the volume
law (S ∼ `2) for excited energy eigenstates. Due to the
scale invariance in the quantum critical regime, Sr − α`
is not a function of ` and β but only of `/β,
Sr(`, β)− α` = Φ2d(`/β). (27)
In the figure, we multiply it by β/` to nicely show the
crossover to the extensive scaling.
For 2d, the divergent term 12 ln(1/λ) in the subsystem
entropy (21) grows very slowly – double-logarithmically
in the system size L, because λ already decreases loga-
rithmically. Hence, using the perturbative approach ex-
plained in Sec. IV is imperative in this case. One could
not realistically reach the thermodynamic regime and ex-
tract the scaling function with a naive numerical compu-
tation.
For small `/β the subsystem entropies follow the
groundstate entanglement curve. For large `/β we cross
over to extensive scaling S ∼ `2. The corresponding en-
tropy density coincides with the thermodynamic value.
As shown in appendix A, it is
sth =
Sth
L2
=
1
β2
3ζ(3)
2pi
(28)
with the Riemann zeta function ζ(s).
VI. SQUEEZED-STATE EXCITATIONS
To establish the ETH for the harmonic lattice model
(2), we should in principle compute entanglement en-
tropies for energy eigenstates
|n〉 =
∏
k
1√
nk!
(
bˆ†k
)nk |0〉 (29)
of a fixed energy E = E(β) and show that they are
sharply peaked around the subsystem entropy S(`, β) of
the corresponding thermal ensemble %ˆ = 1Z e
−βHˆ dis-
cussed in Sec. V. In contrast to quasi-free fermionic sys-
tems, the bosonic Fock states (29) are however not Gaus-
sian states and there are no efficient methods to com-
pute entanglement entropies of large subsystems for these
states. The cost would scale exponentially in the subsys-
tem size.
We resolve this problem by studying many-body
squeezed states. As discussed below, they are useful ap-
proximations to the exact eigenstates (29) with a narrow
energy distribution, and they are Gaussian states such
that entanglement entropies can be computed efficiently
with the method of Sec. III.
A. Diagonalization of Hˆ with a real transformation
We will put each k mode into a squeezed state. If we
would simply squeeze the vacuum state |0〉 with oper-
ators exp
(
1
2 [z
∗bˆ2k − z (bˆ†k)2]
)
, the resulting state would
actually not be translation invariant as the correspond-
ing position and momentum operators from Eq. (6) are
not self-adjoint, xˆ†k 6= xˆk and pˆ†k 6= pˆk.
To construct translation-invariant squeezed states, we
slightly modify the diagonalization procedure, defining
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FIG. 4. Checking ETH for 1d and 2d. The numerical tests support the applicability of ETH for the study of eigenstate
entanglement entropies in the critical harmonic lattice models for 1d (left) and 2d (right). Points are averaged entanglement
entropies Ssq(`) for the randomly sampled squeezed states (32) in energy windows of size ∆E = 1 around E(β) = 〈Hˆ〉β and with
particle number
∑
k nk = b〈Nˆ〉βc. Standard deviations are smaller than the symbol sizes. Lines show the subsystem entropy
S(`, β) in the corresponding GCE with chemical potential µ = 0. The agreement is excellent. For better discriminability and
to cancel infrared singularities, we plot Ssq(`)− Ssq(1). Total linear system sizes are L = 4.2 · 106 for 1d and L = 8192 for 2d.
new self-adjoint operators through a rotation(
xˆ′k
xˆ′−k
)
:= U
(
xˆk
xˆ−k
)
,
(
pˆ′k
pˆ′−k
)
:= U
(
pˆk
pˆ−k
)
with U =
1
i
√
2
[
e−ipi/4 eipi/4
eipi/4 −e−ipi/4
]
.
These obey the canonical commutation relations (7) and
can also be written in the form
xˆ′k =
√
2
N
∑
r
sin (k · r + pi/4) xˆr = xˆ′†k ,
pˆ′k =
√
2
N
∑
r
sin (k · r + pi/4) pˆr = pˆ′†k
Due to the symmetry εk = ε−k, we still have Hˆ =
1
2
∑
k(pˆ
′2
k + εkxˆ
′2
k ) as in Eq. (5). Finally, defining lad-
der operators
aˆk :=
1√
2
(
ε
1/2
k xˆ
′
k + iε
−1/2
k pˆ
′
k
)
,
we arrive at Hˆ =
∑
k εk
(
aˆ†kaˆk + 1/2
)
as in Eq. (9).
Clearly, the vacuum |0〉 for the annihilation operators
bˆk is also the vacuum for the aˆk.
B. Squeezed states: Single mode
For a single bosonic mode with ladder operator aˆ, we
define the squeeze operator Sˆ(z) and squeezed state |z〉,
Sˆ(z) := e
1
2 [z
∗aˆ2−z (aˆ†)2], |z〉 := Sˆ(z) |0〉 ∀z ∈ C (30)
with unitary Sˆ†(z) = Sˆ(−z). With the polar form z =
reiϕ, let us also introduce the squeezed operators
aˆ(z) := Sˆ†(z) aˆ Sˆ(z) = cosh(r) aˆ− eiϕ sinh(r) aˆ†
which obey the canonical commutation relations.
For the computation of entanglement entropies we will
need expectation values 〈aˆ†aˆ〉z and 〈aˆaˆ〉z. The former is
〈aˆ†aˆ〉z = 〈aˆ†(z)aˆ(z)〉0 = sinh2(r), (31a)
where 〈. . .〉0 denotes vacuum expectation values. To
mimic particle number eigenstates |n〉 as in Eq. (29), we
will choose integer
〈aˆ†aˆ〉z = n ⇔ r = asinh
(√
n
)
.
The second required expectation value is
〈aˆaˆ〉z = 〈aˆ(z)aˆ(z)〉0 = −eiϕ sinh(r) cosh(r)
= −eiϕ
√
n (n+ 1). (31b)
Hence, the particle number standard deviation in these
squeezed states is ∆nz =
√〈nˆ2〉z − n2 = √2n(n+ 1).
C. Squeezed states: Many-body covariances
In generalization of Eq. (30), we employ many-body
squeezed states
|z〉 :=
∏
k
Sˆk(z) |0〉 with zk = rkeiϕk ∈ C. (32a)
These are Gaussian states with vanishing first moments
〈aˆk〉z = 0. With the choice
zk = z−k and rk = asinh
(√
nk
)
, (32b)
they are translation invariant and can be used to mimic
the Fock states (29). In particular, the total particle
8number and energy expectation values coincide, 〈Nˆ〉z =∑
k nk and 〈Hˆ〉z =
∑
k εknk. The relative fluctuations
of these quantities vanish in the thermodynamic limit.
For example, ∆Nz/Nz scales as 1/ lnL in 1d,
√
lnL/L
in 2d, and L−d/2 for d ≥ 3.
The covariance matrices Gxr,r′ = 〈xˆrxˆr′〉z, Gpr,r′ =
〈pˆrpˆr′〉z and Gxpr,r′ = 〈xˆrpˆr′〉z, needed for the compu-
tation of entanglement entropies according to Sec. III,
follow from Eqs. (31). One gets
Gxr,r′ =
1
N
∑
k
1
εk
cos(k ·∆r)
×
(
nk +
1
2 − cos(ϕk)
√
nk (nk + 1)
)
,
Gpr,r′ =
1
N
∑
k εk cos(k ·∆r)
×
(
nk +
1
2 + cos(ϕk)
√
nk (nk + 1)
)
,
Gxpr,r′ =
1
N
∑
k cos(k ·∆r)
(
i
2 − sin(ϕk)
√
nk (nk + 1)
)
,
where ∆r = r − r′.
VII. ASSERTION OF THE ETH IN ONE AND
TWO DIMENSIONS
To assert the ETH, we sample squeezed states (32)
with integer nk obeying
∑
k nk = b〈Nˆ〉βc from small en-
ergy windows of width ∆E around E(β) := 〈Hˆ〉β with
equal probability. For each sample, angles ϕk ∈ [0, 2pi)
are chosen randomly according to the uniform distribu-
tion. A Markov chain of such squeezed states is generated
as follows. We start from an arbitrary valid initial choice
for the {nk}. In each update, two wavevectors k and k′
are chosen randomly. For nk ≥ 1, we decrease nk and
increase nk′ by 1 if the energy stays in the predefined win-
dow. Otherwise, the update is rejected. For each energy
E(β), a total of 16000N updates are done and entangle-
ment entropies are computed every 16N iterations, where
N = Ld is the total system size.
Typical samples have nk very close to the GCE ex-
pectation value 〈nˆk〉β , in the sense that nk, averaged
over small momentum-space patches, quickly approaches
〈nˆk〉β . These are then smooth functions of k. Fur-
thermore, the averages cosϕk and sinϕk over small
momentum-space patches vanish for random angles ϕk,
such that the distribution of the squeezed-state covari-
ance matrices G in Sec. VI C will be sharply peaked
around the GCE covariance matrices (11). Hence, the
entanglement entropies Ssq(`) of these squeezed-state ex-
citations will be sharply peaked around the GCE subsys-
tem entropies S(`, β) analyzed in Sec. V.
For the quantum-critical 1d and 2d systems, we again
have the infrared singularity in Gx as discussed in
Sec. IV. This results here in a sensitivity with respect
to the angles ϕk for small k ≈ 0. This effect can how-
ever be removed through a regularization. As we are not
interested in scale invariance here, we simply regularize
by considering the differences Ssq(`)− Ssq(1).
These arguments on the coincidence of Ssq(`) and
S(`, β) are confirmed numerically in Fig. 4 for the 1d
and 2d critical harmonic lattice models [ω = 0 and κ = 1
in Eq. (2)], showing excellent agreement.
VIII. CONCLUSION
In conclusion, the ETH can be applied for harmonic
lattice models to elucidate the crossover of entanglement
entropies in energy eigenstates from the groundstate scal-
ing at small subsystem sizes and low energies to the
extensive scaling at large sizes and higher energies. In
particular, entanglement entropies of almost all eigen-
states coincide with subsystem entropies of a correspond-
ing thermal equilibrium ensemble. We find scaling func-
tions for the crossovers in critical 1d and 2d harmonic lat-
tices (massless free scalar quantum field theory), because
of this relation of eigenstate entanglement and an equi-
librium quantity in the quantum critical regime of the
model. To this purpose, we also introduced an infrared
regularization scheme that retains scale invariance. The
obtained scaling functions will also apply to the quantum
critical regions of interacting systems whose renormaliza-
tion group fixed point is the free scalar theory [36]. It
would be very valuable to derive analytical expressions
for the crossover functions.
The results, shown here for von Neumann entangle-
ment entropies (1), do also apply for Re´nyi entanglement
entropies. The latter can, e.g., be used to deduce upper
bounds on computation costs of tensor network simula-
tions [67, 68].
We gratefully acknowledge support through US De-
partment of Energy grant DE-SC0019449.
Appendix A: Thermodynamic entropy densities
Eigenstate entanglement entropies are related to ther-
modynamic subsystem entropies due to ETH as discussed
in the introduction. As a function of the linear subsystem
size `, there is a temperature dependent crossover to a
volume law S ∼ `dsth(β). In the following, we determine
the thermodynamic entropy densities sth for the critical
harmonic lattice model (9). In particular, we consider
the low-energy regime as described by the free scalar field
theory (3) with the linear dispersion relation εk = |k|.
For the grand-canonical ensemble %ˆ = 1Z e
−βHˆ , one
finds the following well-known result for the thermody-
namic entropy
Sth = −Tr %ˆ ln %ˆ
=
∑
k
[
(nk + 1) ln(nk + 1)− nk lnnk
] (A1)
9with the Bose-Einstein distribution
nk := 〈nˆk〉β = 1/
(
eβεk − 1) .
The density of states for the linear dispersion relation
εk = |k| is
g(ε) =
1
(2pi)d
∫
ddk δ(εk − ε) =

1
pi for 1d,
ε
2pi for 2d,
ε2
2pi2 for 3d,
(A2)
which we can write as g(ε) =: gd ε
d−1Θ(ε).
Taking the thermodynamic limit,
∑
k 7→ Ld
∫
dε g(ε)
in Eq. (A1), and substituting q := βε, we obtain
Sth =
gdL
d
βd
∫ ∞
0
dq qd−1
[
(nq + 1) ln(nq + 1)− nq lnnq
]
with nq = 1/ (e
q − 1). The integrals can be done analyt-
ically, giving in the thermodynamic entropy densities
sth(β) =
Sth
Ld
=

1
β
pi
3
≈ 1.047
β
for 1d,
1
β2
3ζ(3)
2pi
≈ 0.574
β2
for 2d,
1
β3
2pi2
45
≈ 0.439
β3
for 3d.
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